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. Abstract. We use the spectra of Dirac type operators on the sphere 5™ to produce sharp L 2 

' inequalities on the sphere. These operators include the Dirac operator on S n , the conformal 

Laplacian and Paenitz operator. We use the Cayley transform, or stereographic projection, 
r*j ' to obtain similar inequalities for powers of the Dirac operator and their inverses in R™. 
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This paper is dedicated to the memory of Tom Branson 

^ '■ 1 Introduction 

O 

ON ■ Sobolev and Hardy type inequalities play an important role in many areas of mathematics and 

mathematical physics. They have become standard tools in existence and regularity theories for 
solutions to partial differential equations, in calculus of variations, in geometric measure theory 
and in stability of matter. In analysis a number of inequalities like the Hardy-Littlewood- 
Sobolev inequality in R n are obtained by first obtaining these inequalities on the compact 
manifold S n and then using stereographic projections to K™ to obtain the analogous sharp 
inequality in that setting. See for instance [ID]. This technique is also used in mathematical 
physics to obtain zero modes of Dirac equations in M 3 (see [9]). 

In fact the stereographic projection corresponds to the Cayley transformation from S n minus 
the north pole to Euclidean space. Here we shall use this Cayley transformation to obtain some 
sharp 1? inequalities on the sphere for a family of Dirac type operators. The main trick here 
is to employ a lowest eigenvalue for these operators and then use intertwining operators for the 
Dirac type operators to obtain analogous sharp inequalities in M. n . 

Our eventual hope is to extend the results presented here to obtain suitable L p inequalities 
for the Dirac type operators appearing here, particularly the Dirac operator on R". 



2 Preliminaries 

We shall consider R n as embedded in the real, 2 n dimensional Clifford algebra Cl n so that for 
each x G W 1 we have x 2 = — \\x\\ 2 . Consequently if e\,... ,e n is an orthonormal basis for M. n 

*This paper is a contribution to the Proceedings of the 2007 Midwest Geometry Conference in honor of 
Thomas P. Branson. The full collection is available at |http: / /www.emis.de/journals / SIGMA/MGC2007.html | 
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then 
and 

1 , &\ , . . . , a n , C162 j • • • ) Cn—ifinj • ■ ■ ! 6ji , . . . , €j r , .... c\ , ... . e n 

is an orthonormal basis for Cl n , with 1 < r < n and ji < ■ ■ ■ < j r - 

Note that for each x £ R n \{0} we have that x is invertible, with multiplicative inverse 

Here, up to a sign, x _1 is the Kelvin inverse of x. It follows that {A £ C7 n : A = xi • • • x m with 
m £ N and x\, . . . , x m £ R n \{0}} is a subgroup of Cl n . We shall denote this group by GPin(n). 
We shall need the following anti-automorphisms on Cl n : 

~: CZ n ► Cl n . &j 1 ■ • • Cj r ► €j r • • • 6jj 

and 

• Cl n > Cl n • &jl ' ' ' &j r * ( 1) &j r ' ' ' &jl • 

For A £ CI n we denote ~ {A) by A and we denote — (^4) by A. Note that for A — ao + ' ' ■ + 
«i...n e i " " " e n the scalar part of AA is a 2 , + • • • + cl\ n := \\A\\ 2 . 

Lemma 1. //A € GPin(n) and B £ C7 n i/ien ||AB|| = ||^4||||B||. 

Proof. ~ABAB = B AAB = B\\A\\ 2 B = \\A\\ 2 BB. Therefore Sc(ABAB) = \\A\\ 2 Sc(BB) = 
||^4|| 2 ||-B|| 2 , where Sc(C) is the scalar part of C for any C £ Cl n . The result follows. ■ 

In pQ it is shown that if y = M{x) is a Mobius transformation then M(x) = (ax + 6)(cx + d) _1 
where a, b, c and d £ Cl n and satisfy the conditions 

(i) a, b,c,d £ GPin(n). 

(ii) ac, a, db, 6a £ M n 

(iii) ad- cc £ M\{0}. 

In particular if we regard W 1 as embedded in M. n+1 in the usual way, then y = (e n+ \x + 
l)(x + e n+ \)~ l is the Cayley transformation from IR n to the unit sphere S n in M n+1 . This map 
corresponds to the stereographic projection of M. n onto 5 n \{e n +i}. 

The Dirac operator in W 1 is X^j=i e i^~- Note that D 2 = — A n , where A n is the Laplacian 
in W 1 , and D 4 is the bi-Laplacian A 2 . 

3 Eigenvectors of the Dirac— Beltrami operator on S n 

We start with the Dirac operator D n+ i = ^j=i e jT§T ^ n ^ n+1 - F° r each point in x £ ]R n+1 \{0} 
this operator can be rewritten as x~ l xD n+ \. Now xD n+ \ = x/\D n+ i—x-D n+ i. Now x/\D n+ i = 
Ei<j<k<n+i e i e j( x j^ ~ x k£-) and x ■ D n+l is the Euler operator £"=1 ^ gfj = r£ where 
r = ||sc||. It is well known and easily verified fact that if p m (x) is a polynomial homogeneous 
of degree m £ N then x ■ Dp m {x) = mp m (x). So in particular if D n+ \p m {x) = then x A 
D n+ ip m (x) = —mp m (x). So Pm{x) is an eigenvector of the operator x A D n+ \. 

Further it is also easily verified that if q m (x) is homogeneous of degree m £ — N then 
x ■ D n+ iq m (x) = mq m (x). So if D n+ iq = then x A D n+ \q = mq and q is an eigenvector 
of x A -Dn+l- 
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Now let us suppose that p m : M n+ — > C7 n +i is a harmonic polynomial homogeneous of 
degree m G N. In [T2] it is shown that p m (x) = p m ,i(x) + xp m _i i 2(x) where D n+ ip m ^(x) = 
D n+ ip m _i t 2(x) = 0, with p m> i(x) homogeneous of degree m and p m -i,2(x) homogeneous of 
degree m — 1. 

Definition 1. Suppose £/ is a domain in M n+1 and / : U -> C7 n+ i is a C 1 function satisfying 
D n+ \f = then / is called a left monogenic function. 

A similar definition can be given for right monogenic functions. See [1] for details. 

In [T5] it is shown that if U is a domain in M n+1 \{0} and / : £7 — >• CZ n +i is left monogenic 
then the function G{x)f{x~ l ) is left monogenic on the domain U" 1 = {x G M n+1 : x" 1 € U} 
where G(x) = luijn+i ■ Note that on S n n f7 _1 for any function g defined on U the functions 
G{x)g(x~ l ) and xg(x^ 1 ) coincide. 

Let H m denote the restriction to S n of the space of Cl n valued harmonic polynomials ho- 
mogeneous of degree m G N U {0}. This is the space of spherical harmonics homogeneous of 
degree m. Further let P m denote the restriction to S n of left monogenic polynomials homo- 
geneous of degree m G N U {0}, and let Q m denote the restriction to S n of the space of left 
monogenic functions homogeneous of degree — n — m where m = 0, 1, 2, . . .. Then we have il- 
lustrated that H m = P m © Q m . This result was established in the quaternionic case in [15) and 
independently for all n in |14j . 

As L 2 (S n ) = ^m=o H m then it follows that L 2 (S n ) = £^ =0 P m © Q m where L 2 (S n ) is the 
space of Cl n+ i valued square integrable functions on S n . Further we have shown that if p m G P m 
then p m is an eigenvector of the Dirac-Beltrami operator T w , where T w is the restriction to S n of 
x A D n+ \. Here w G S n . Further p m has eigenvalue m. Also if q m € Q m 

is ciri eigenvector of 

with eigenvalue — ft — tti. ConseQiiently the spectrum, ^(r^) of the Dirac - Beltrami operator 
is {0} U N U {-n, -n - 1, . . .}. As G a(T w ) the linear operator r„, : L 2 (S n ) -» L 2 {S n ) is not 
invertible. 

Further within our calculations we have also shown that if h : S n — ► CZ n +i is a C 1 function 
then T w wh(w) = —nwh(w) — wF w h(w). By completeness this extends to all of L 2 (S n ). 



4 Dirac type operators in M. n and S n and conformal structure 

The Dirac type operators that we shall consider here in M. n are integer powers of D. Namely D m 
for m G N. In [3] it is shown that if y = M(x) = (ax+6)(cx+ci) _1 is a Mobius transformation and 
/ : Uj-* Cl n is a C fc function then D k J k (M , x) f (M (x)) = J_ k (M,x)D k f(y), where J m (M,x) = 

\\cx+d\\"+ m f° r 171 an integer and J m (M, x) = || ca;+ ^||n+m for m an even integer. This describes 
intertwining operators for powers of the Dirac operator in W 1 under actions of the conformal 
group. 

In [13] the Cayley transformation C(x) = (e n+ ix + l)(x + e n+ i) _1 is used to transform the 
euclidean Dirac operator, D, to a Dirac operator, D$, over S n . This Dirac operator is also 
described in [21 [5] and elsewhere. In [7] a simple geometric argument is used to show that 
Dg = w(T w + j). Using the spectrum of T w it can be seen that on L 2 (S n ) the operator D$ 
has spectrum a(Dg) = (r(T w ) + ^ which is always non-zero. In fact cr(Ds) = + m : m = 
0, 1, 2, . . .} U {— f — m : m = 0, 1, 2, 3, . . .}. Consequently D$ has an inverse D^ 1 on L 2 (S n ) and 
following [6] the spherical Dirac operator has as fundamental solution C\(w,y) := D^ 1 -k5 y for 
each y G S n . Here 5 y is the Dirac delta function. In [13] it is shown that C\(w,y) = — [j^E^jin 
where u; n is the surface area of the unit sphere in R n . See also [TT] . 



In fact one can for each a G C introduce the Dirac operator D a := u>(r + a). Provided —a is 
not in cr(r^) then D a is invertible and has fundamental solution Z)" 1 * 5 y . See [16] for further 
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details. A main advantage that the Dirac operator D$ has over D a for a not equal to ^ is 
that Dg is conformally invariant. We shall use this fact to obtain our sharp inequalities in M. n . 

By applying D s to C 2 (w, y) := ( ra _2)^ n [j^^p^ it may be determined p] that D s C 2 (w, y) = 
Ci(w,y) - wC 2 (w,y). Consequently D S (D S - w)C 2 (w,y) = S y . 

It is well known that in R n+1 the Laplacian in spherical co-ordinates is 

d 2 n d 1 

where A w is the Laplace-Beltrami operator on S n . It follows from arguments presented in [15] 
that A w = ((1 — ?i) — r^)r^j. Using this fact we can now simplify the expression Ds(Ds — w^j 
as follows: 



But 



So 



D s (p s -w) =D 2 S -D s w. 

D s w = w \T W + -Jw = w y-T w - n + - J = -wDs- 



T w + |) + wD s = -wD s (T w + ^)+ wD s 



( 



n\ / n\ n\ ^ 9 „ „ n 2 n 

» + ^ ) ( r - + 2 ) " ( r - + 2 ) = ^ + ^ " r " + T " 2 



n 2 — 2n n ( n — 2 

-A w H = -A w + 



2 V 2 

This operator is the conformal Laplacian on 5 n described in [21 [5] and elsewhere. 

One may also introduce generalized spherical Laplacians of the type A Q ^ = (r^ + a)(r u , +(5) 
where a and /3 EC Provided —a and — /5 do not belong to cr(T w ) then the Laplacian is invertible 
with fundamental solution * 8 y . In [H] it is shown that A Q , i _ Q ,_ n+ i is a scalar valued 

operator. This operator is invertible provided a does not belong to a(T w ). Further, explicit 
formulas for this operator are presented in [11] . 

Again a main advantage of the conformal Laplacian, As over the other choices of Laplacians 
presented here is its conformal covariance. We shall see the advantage of this in the next section. 

In [U] we introduce the operators 



D { s k) := D S (D S -w)---\D s - 
for k odd, k > 0, and 

DP := D S (D S - w)(D s -w)---(d s -^w 
for k even and k > 0. 

When k = 1 we obtain Ds, when k = 2 we obtain As and when k = 4 the operator 
D { s ] = A S (D S - w)(D s - 2w). Moreover 

(D s - w)(D s - 2w) =D 2 S - wD s - 2D s w - 2 = D 2 S + wD s -2 = -A s - 2. 

Consequently = —As(As + 2). When n = 4 this operator becomes — As(As + 2) is the 
Paenitz operator on S 4 described in [2] and elsewhere. As 2 € cr(Ds) when n = 4 it may be 
seen that is in the spectrum of Ds — 2w. Consequently when n = 4 zero is in the spectrum of 
the Paenitz operator and so this operator is not invertible on L 2 (5 ). It is easy to see that it is 
invertible in all other dimensions. 



1) 
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5 Some Sharp L 2 inequalities on S n and W 1 

Theorem 1. Suppose that <f> : S n — > C7 n+ i is a C 1 function. Then 
n 

Proof. As (j> e C^S"") then <f> G L 2 (S n ). It follows that 

OO — OO 

= E E Pm + Yl E 

m=0 p m eP m rn=Q q m G Q m 

where p m and q m are eigenvectors of T w . Further the eigenvectors p m can be chosen so that 
within P m they are mutually orthogonal. The same can be done for the eigenvectors q m . More- 
over as 4> € C 1 then D s 4> € C°(S n ) and so D s 4> G L 2 (S n ). Consequently 

(OO OO 
E( m+ i) E p™ + Y.{-^- m ) E 9 

But wp m (w) € <3m and wq m {w) 6 P m . Consequently 

OO OO 

A#=E( m+ i) X) <?™ + E(-i- m ) X 

m=0 g m &Qm m=0 p m eP m 

It follows that 

oo 2 oo 2 

m=0 f/mCQm "1=0 PmEPm 



2 



oo — oo 



^ U) ( E E iwi£ a + £ £ ii^ni 2 

,m=Op m £P m m=0g m £Q m 



as ±^ are the smallest eigenvalues of + ^. That is ±^ are the eigenvalues closest to zero. 
Therefore 

ll^iii 2 >g) 2 ||^i| 2 . 

The result follows. ■ 

It should be noted from the proof of Theorem [T] that this inequality is sharp. 

In the proof of Theorem Q] it is noted that the operator D$ takes P m to Q m and it takes Q m 
to P m . This is also true of the operator D$ + aw for any a £ C. As A$ = Ds(D$ + w) it now 
follows that the spectrum, a(As), of the conformal Laplacian, As, is {— (§ + "i)(§ +771 + 1), 
— (77 + m)(^ + m — 1) : m G N U {0}}. So the smallest eigenvalue is n ( 2 ~ n ) . We therefore have 
the following sharp inequality: 

Theorem 2. Suppose <ft : 5™ — > C/^+i is a C 2 function. Then 

ll a All ^ n(n-2) 
||A S 0|| L 2 > ||<P||l2- 

We now proceed to generalize Theorems Q] and [2] for all operators Dg. We begin with: 
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Lemma 2. (i) For k even the smallest eigenvalue of Do is 
n(2 - n) ■ ■ ■ (n + k - 2)(k - n) 

and 

(ii) for k odd 

n(n + 2) (2 - n) ■ ■ ■ (n + k - l)(fc - 1 - n) 

Proof. Let us first assume that k even. As D$ + aw : P m — » Q m and D$ + aw : Q m — ► P m for 
any a£l then 

(n + 2m)(2 — n — 2m) • • • (n + fe — 2 + 2m){k — n — 2m) 

and 

(2m - n)(n + 2 + 2m) ■■■(k-2-n- 2m) (n + k + 2m) 

2 1 

are eigenvalues of Dg for m = 0, 1, 2, . . .. But for any positive even integer I the term (n + I — 
2 + 2m) (I — n — 2m) is closer to zero than (I — 2 — n — 2m) (n + I + 2m). The result follows for k 
even. The case k is odd is proved similarly. ■ 

It should be noted that when n is even and k > n then is an eigenvalue of . Consequently 

in these cases D s is not an invertible operator on L (S n ). 
From Lemma [2] we have: 

Theorem 3. Suppose <f> : S n — > Cl n+ \ is a C k function. Then for k even 

li n (fc),,| . \n{2-n)---(n + k-2){k-n)\ 

\\ D s > 2k '^" i2 



and for k odd 



^ |n(n + 2)(2 - n) ■ ■ ■ (n + k - l)(fc - 1 - n)| 

2 fc 



l^s VIIl 2 ^ — : ^ ~ -wnv- 



Again these inequalities are sharp. 

When n is odd then of course ^ is not an integer. It follows that in odd dimensions zero is 

(k) 

not an eigenvalue for the operator Dg ' . In the cases n even and k > n the smallest eigenvalue is 
zero so for those cases the inequality in Theorem [3] is trivial. This includes the Paenitz operator 
on S" 4 . It follows that none of these operators have fundamental solutions. The fundamental 
solutions for D$ ' for all k when n is odd and for 1 < k < n when n is even are given in [TT] . 
We shall denote them by Ck(w,y). 

As n ( n + 2 )( 2 ~ ra ) , "(^+ fc ~ 1 )( nfc ~ 1 ~ n ) j s smallest eigenvalue for Dg for k odd then 



n(n + 2)(2 - n) ■ ■ ■ (n + k - l)(k - 1 + n) 



is the largest eigenvalue of D g 1 for n odd or for 1 < k < n — 1 when n is even. 
Similarly for k even and n odd and k even with 1 < k < n — 1 for n even 

2 k 



n(2-n)---(n + k-2)(k-n) 

is the largest eigenvalue of Dg 1 . 

Similarly to Theorem [3] we now have the following sharp inequality: 
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Theorem 4. Suppose (ft : S n — > Cl n+ \ is a continuous function. Then for n odd and k even 
and for n even and k even with 1 < k < n 

\\C k (w,y)*0(w)\\ L2 < — — — II^H^ 



\n(2 - n) ■ ■ ■ (n + k - 2)(k - n) 
and for n odd and k odd and n even and k odd with 1 < k < n — 1 

\\C k (w,y)-k(f>(w)\\ L 2 < — — — — - — — — — 



\n(n + 2) (2 - re)) ■ ■ ■ (n + k - l)(k - 1 - n) 

Let us now turn to W 1 and retranslate Theorems [3] and d] in this context. In [11] the Cayley 
transformation C(x) = (e n +i + l)(x + e n+ \)~ l is used to show that 

DP = J^ k (C,x)- 1 D k J k (C,x), (1) 

n—k 

where J k (C,x) = when k is odd and J k (C,x) = 2 2 n _ k when k is even. 

(||l+||x||a)— a— (l+blp)^- 
Note that J k (C,x) £ GPin{n + 1). By applying Lemma 1 we now see that on W 1 the Cayley 
transformation can be applied to Theorem [3] to give: 

Theorem 5. Suppose (ft : W 1 — ► C7 n +i is a C fc function with compact support. Then for each 
k E N /or n odd and for k = 1, . . . , n — 1 /or n even 



|£> fc <Kx)f (1 + IM| 2 ) fc cfc n 



2 2 

> \n(n + 2) • • • (n + fe - l)(Jfe - 1 - n)| I / " y " M2 > fr <fa: w 



2ofc \ I 



(1 + |z 



/or odd, and 



i 

|A£0(x)f {l + \\x\\ 2 ) k dx n * 



>\n(2-n)---(n + k-2)(k-n)\[ I ii-llimfc ^ 



1 + ||x|| 2 ) 



for k even. 



Proof. For any Mobius transformation M(x) = (ax + 6)(cx + d) 1 the associated Jacobian 
over a domain in W n is ■pj^jjpr- Consequently for ift : S n — > C/ n +i a C fc function the integral 

Js*» ||-D i 5 C V( u; )l| 2 ^ "( w ) by equation (fTJ) becomes 



By Lemma Q] this expression becomes 

1 / (l + iixf^ii^j^Cx)^^))!! 2 ^". 



2 fc _ 

Further 

||^|| 2 do-(x) = / ||^(C(x- 
5" JR n 



(1 + ||x|| 2 ) n 

9 n <7r n 

j^fix)- 1 ^,!)^))!! ^ 
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By Lemma Q] this last expression becomes 



\\J k {C,x)^{x)f (l + \\x\\ 2 r k dx n 



On placing J k (C,x)ip(C(x)) = 4>{x) Theorem [3] now gives the result. ■ 

In [11] it is shown that the kernel Ck(w,y) is conformally equivalent to the kernel Gk{x — y) 
in R n , where G k (x - y) = ^ ^ x _ x y ^+i- k when k is odd and G k (x - y) = \\ x -y\\n-k when k is 
even. Here C k is a real constant chosen so that DG k = G k -i for k > 1 and with C\ = 1. 

As J_ k {C,x)- l D { s k) J k {C,x) = D k then D~ k = J k {C,x)- l D {k) ~ l J_ k (C,x). Consequently: 

Theorem 6. Suppose h : W l — > C7 n+ i is a continuous function with compact support. Then for 
n odd and k odd and for n even and any odd integer k satisfying 1 < k < n 



< 



G k (x — y)h(x)dx r 
1 



1 



(l + ||y|| 2 ) fc 



dy r 



(x)f (1 + \\x\\ 2 ) k dx n 



|n(n + 2) • • • (n + k - l)(k - 1 - n)\ 
and for n odd and k even and for n even and k an even integer satisfying 1 < k < n 



G k (x - y)h{x)dx n 



1 



(i + lb 



\2\k 



:dy n 



< 



\n(n + 2)(2 - n) ■ ■ ■ (n + k - 2){k - n) 



(z)f (1 + \\xf) k dx n 



6 Dirac type operators in W 1 

In this section we demonstrate a somewhat alternative approach to obtained Theorems [5] and El 
We have previously seen that Dsp m = (m+ §)p m for p m G P m , that Dsq m = (— § — m)q m 
for q m G Q m and Jzl(C,x)DJi(C,x) = D$- Consequently 



DJ 1 (C,x)p m (C(x)) 



1 + Id 



n 



m + - ) J 1 {C,x)p m {C{x)) 



and 



DJ 1 (C,x)q m (C(x)) 



1 + \\x\ 



Tl \ 

2 ~ / Jl ^ Cl x ^ m ( C ( x ^- 



Further: 

Proposition 1. ip(w) G L 2 (5 n ) «/ and <m/y i/ - — T JAC,x)^{C{x)) G L 2 (M n ). Furt/ier i/ 

(l+]|x|| 2 )2 

iji'tx) = 1 — -MCxUiCix)) and <//(x) = — -J 1 (C,x)(j)(C(x)) for ip and G L 2 (S n ) 

(l+INI 2 )^ (l+||a:|| 2 )2 

then 



4>(w)ijj(w)do-(w) 



<j) \x)tp' \x)dx n . 



This leads us to: 
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Theorem 7. Suppose h : W 1 — > Cl n +i is a smooth function with compact support. Then 



[ \\Dh{x)\\ 2 {l + \\xf)dx n ) >n[ "'° v 7'' dx n 
JR" J \Jr" 1 + 

In [11] it is shown that J_2(C, x)^ 1 As J2(C, x) = A n . Proposition [1] can easily be adapted 
replacing J\(C,x) by J2(C,x) and i+pjp by o+ppp • From Theorem [2] we now have: 

Theorem 8. Suppose that h is as in Theorem^ Then 



\A n h(x)\\ 2 (l + \\x\\ 2 ) 2 dx n ) >n(n-2) / " \'" dx n 

) \Jwn (1 + \\X\\ 2 y 

Using Lemma [2] we also have 

Theorem 9. Suppose h is as in Theorem^ Then for n odd and k even and for n even and k 
an even integer belonging to {1, . . . , n — 1} 

i 

1 2/1 , Il„,ll2\fc J™7i 



\A*h{x)\\ 2 {l + \\x\\ 2 ydx' 



.r 



>\n(2-n)---(n + k-2)(k-n)\[ " \/ , dx n 

\J R n (1+ |[X|| 2 )^ 

and for n odd and k odd and for n even and k belonging to {1, . . . , n — 1} 



\D k h{x)\\ 2 {l + \\x\\ 2 ) k )dx n 



> \n(n + 2)(2 - n) ■ ■ ■ (n + k - l)(k - 1 - n)\ ( / n \ „%, k dx r 



\h(x)\\' 
(1+ ||a;|| 2 ) ? 



Theorem 10. Suppose h : R n — > C7 n +i is a continuous function with compact support. Then 
for k odd and n odd and for n even and k odd and satisfying 1 < k < n — 1 

\G k *h(x)\\ 2 _ dxn y 



n (1 + \\X 



\2\k 



1 

1 / / iii / \ 1 1 O / . ii 1 1 O \ £* i fi i ^ 



^ I 7 .owo , 1 xT ( / ll%)ll 2 (l + Ikll 2 )^ 

|n(n + 2)(2 - n) ■ ■ ■ (n + k - l)(k - 1 - n)\ \J K n 

and for n odd and k even and for n even and k even and satisfying 1 < k < n 

\G k *htx)\\\ dxn y 



n (1+ llxll^* 

1 



7 Concluding remarks 

Let us consider the Paenitz operator on 5 5 . Via the Cayley transform this operator stereograph- 
ically projects to the bi-Laplacian, A 2 on M 5 . If we restrict attention to the equator, S 4 , of S 5 we 
see that the restriction of the Paenitz operator in this context stereographically projects to the 
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restriction of A| to R 4 . This operator is the bi-Laplacian A| in R 4 , while the restriction of the 
Paenitz operator on S 5 to its equator, S 4 , is the Paenitz operator on S 4 . The Paenitz operator 
on S 4 has a zero eigenvalue. Consequently there is no real hope of obtaining inequalities of the 
type we have obtained here in W 1 for the bi-Laplacian in M 4 . This should explain the breakdown 
of the Rellich inequality, described in [8], for the bi-Laplacian in M 4 . The same rationale also 
explains similar breakdowns of inequalities for D k in W 1 for n even and k > n. 

It should be clear that similar sharp 1? inequalities can be obtained for the operator Ds + aw 
provided —a is not in the spectrum of wDg- These operators conformally transform to D+ \+^ x \\i 
in M n . When —a is in the spectrum of wDs then we obtain a finite dimensional subspace of the 
weighted L 2 space L 2 (R n , (1 + ||x|| 2 ) -2 ), with weight (1 + ||x|| 2 ) -2 , consisting of solutions to the 
Dirac equation Du + 1+ jj > a .||-i u = 0. 

All inequalities obtained here are I? inequalities. It would be nice to see similar inequalities 
for other suitable IP spaces. 
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